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A Krein space generalization is obtained of certain Hilbert spaces of analytic 
functions which were introduced in 1966 by James Rovnyak and the author. Of 
particular interest is a uniqueness theorem for spaces having desired properties. 
0 1991 Academic Press, Inc 
The spaces appear in the invariant subspace theory of continuous trans- 
formations in Hilbert spaces. A fundamental problem is to determine the 
relationship between the invariant subspaces of a given transformation and 
the factorizations of related operator-valued analytic functions. Certain 
Hilbert space of analytic functions are useful in formulating this relation- 
ship. 
The relationship between factorization and invariant subspaces for 
continuous transformations in Hilbert spaces, and more generally in Krein 
spaces, is based upon the concept of a linear system. Assume that a 
continuous transformation A of a Krein space 2 into itself is given. In 
studying the invariant subspaces of A it is convenient to have another 
Krein space %? in which information about what is happening in 2 is 
collected. 
In the simplest case W will be the Hilbert space of complex numbers with 
absolute value as norm. But in general the elements of ‘8 will not be 
numbers. The elements of V will be called vectors. Thus a vector-valued 
analytic function will be an analytic function whose values are taken in $7. 
In practice analytic functions are specified by power series and then the 
coefficients of the power series are vectors. An operator will be a con- 
tinuous transformation of vectors into vectors. By analogy with numbers a 
bar will often be used to denote the adjoint of an operator. 
A linear system will now be constructed. The given transformation A is 
called the main transformation and the underlying Krein space 2 is called 
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the state space. The auxiliary Krein space %? is called the external space or 
coefficient space. The input transformation of the linear system is a 
continuous transformation B of % into 2. The output transformation of 
the linear system is a continuous transformation C of %’ into $7. And the 
external operator of the linear system is some operator D. 
A linear system is then a matrix 
A B ( > C D 
of continuous transformations which acts on the Cartesian product of 2 
and 92 realized as column vectors with the upper entry in 2 and the lower 
entry in %‘. The Cartesian product space is considered as a Krein space 
with the Cartesian scalar product. Thus the adjoint of the above matrix, 
regarded as a transformation on the Cartesian product space, is the matrix 
A* C* 
( > B* D* ’ 
When the ‘transformation A is given, the linear system should be 
constructed in some advantageous way so that the resulting matrix has 
desirable properties. This is the case for example if the matrix is unitary: It 
has an inverse and its inverse is equal to its adjoint. The linear system is 
then said to be unitary. 
It frequently happens that the ideal situation of a unitary linear system 
cannot be achieved because other properties of the linear system are 
wanted. Then some compromise must be made. An isometric matrix is 
almost as good as a unitary matrix because a related unitary trans- 
formation always exists in a larger space. The linear system is said to be 
conjugate isometric if the matrix has an isometric adjoint. 
A linear system is said to be contractive if the matrix is a contractive 
transformation on the Cartesian product space. If the linear system is 
conjugate isometric, an equivalent condition is that the kernel of the 
transformation is a Hilbert space which is contained continuously and 
isometrically in the Cartesian product space [S]. 
A linear system is said to be observable if no nonzero element f of the 
state space exists such that CA”f = 0 for every nonnegative integer n. In 
this case a corresponding power series f(z) with vector coefficients is 
defined by 
f(z)= z CAyz”. 
n=O 
The element f is uniquely determined by a knowledge of the associated 
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power series. An observable linear system is said to be in canonical form 
if the elements of the state space are power series with vector coefficients 
in such a way that the power series associated with every element of the 
space is itself. Then the output transformation C takes each power series 
f(z) into its constant coefficient f(0). And the main transformation is the 
difference-quotient transformation, which takes f(z) into [f(z) -f(z)]/z. 
In general the requirement that a linear system be observable is incom- 
patible with the requirement that it be unitary. But being observable is 
compatible with the requirement of being conjugate isometric. For this 
reason canonical linear systems which are conjugate isometric frequently 
appear in applications. 
If an observable linear system is given in canonical form, then the 
elements of the state space are convergent power series in some 
neighborhood of the origin. A continuous transformation of the state space 
into the coefficient space is defined by takingf(z) intof(w) when w  is suf- 
ficiently close to the origin. The input transformation is of the form c into 
[W(z) - W(O)] c/z where W(z) is a power series with operator coefficients 
which converges in some neighborhood of the origin. It is customary to 
choose the constant coefficient W(0) in W(z) equal to the external operator 
D. The function W(z) is then called the transfer function of the linear 
system. 
In the present work a generalization is obtained of a construction of 
linear systems with given transfer function which is due to James Rovnyak 
and the author [S]. The construction makes use of a device called com- 
plementation. The present construction of linear systems makes use of a 
Krein space generalization of complementation theory [S]. 
If a Krein space 9 is contained continuously and contractively in a 
Krein space 2, then a unique Krein space 9 exists, which is contained 
continuously and contractively in 2, such that the inequality 
(c, c>~ < (a, a>.?+ (6 b), 
holds whenever c= a+ b with a in 9 and b in 2, and such that every 
element c of 2 admits some representation for which equality holds. 
Minimal decomposition is unique. It is obtained with a the element of 9 
which is obtained from c under the adjoint of the inclusion of 9 in S. And 
b is obtained from c under the adjoint of the inclusion of 2? in 2. The 
space 22 is called the complementary space to 9 in 2”. 
The overlapping space 2 of .9’ and 22 is the intersection of 9 and 2, 
which is a Hilbert space [S] with a unique scalar product such that the 
identity 
cc, c>y = cc, c>, + cc, c>, 
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holds for every element c of 2. If a is in 9 and if b is in 22, then a unique 
element s of 2 exists such that the identity 
(c, c)x= (a--,a-ss),+ (b+s, b+s), 
is satisfied. An isometric transformation of the Cartesian product space 
.9 x 2 onto the Cartesian product space &+ x 2 is defined by taking (a, b) 
into (c, 8). 
If b is any vector, b- denotes the linear functional on vectors defined by 
the scalar product 
bema = (a, b),. 
A fundamental example of a linear system is obtained from the space of 
square summable power series with vector coefficients. Since the coefficient 
space %’ is a Krein space, it is the orthogonal sum of a Hilbert space %?+ 
and the anti-space VW of a Hilbert space. Let J be the unique operator 
which is the identity on W+ and which is minus the identity on %. Then 
a Hilbert space scalar product which defines the Mackey topology of 59 is 
given by 
bpJa= (Ja, b),. 
The space g(z) of square summable power series is the set of power 
series f(z) = C a,z” with vector coefficients such that 
is finite. This condition does not depend on the choice of decomposition of 
V into a Hilbert space and the anti-space of a Hilbert space. The space 
U(z) is a Krein space with a unique scalar product such that the identity 
(f(z), f(z) )uczj = C a; 4 
is satisfied. 
Multiplication by z is a continuous and isometric transformation of the 
space U(z) into itself. The adjoint transformation is the difference-quotient 
transformation, which takes f(z) into [f(z)-J(O)]/z. The identity for 
difference-quotients 
([f(z) -f(o)l/z? Cf(z) -.mllz),(,, 
= <f(Z)> f(z)>,,;, -f(O)- f(O) 
holds for everyf(z) of the space. These properties imply that the space q(z) 
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is the state space of a canonical linear system which is conjugate isometric 
and has transfer function identically zero. 
Assume that B(z) is a power series with operator coefficients such that 
multiplication by B(z) is a contractive transformation in W(z). A construc- 
tion of a canonical linear system which is conjugate isometric and which 
has transfer function B(z) is due to James Rovnyak and the author [S]. 
The construction was originally made when the coefficient space %Y is a 
Hilbert space. The generalization to a Krein space coefficient space is made 
possible by the Krein space generalization of complementation theory. 
Note that multiplication by B(z) is a continuous transformation in V(z) 
by the closed graph theorem. A factorization of continuous and contractive 
transformations in Krein spaces is a consequence of complementation 
theory [S]. The range A(B) of multiplication by B(z) in V(z) is a Krein 
space when considered with a unique scalar product such that multiplica- 
tion by B(z) is a contractive partial isometry of 2 onto A(B). The space 
4!(B) is contained continuously and contractively in U(z). Define X(B) to 
be the complementary space to A(B) in U(z). Then it has been shown [6] 
that Z’(B) is the state space of a canonical linear system which is contrac- 
tive and conjugate isometric and has transfer function B(z). 
Some properties of the space are needed for the constructions which will 
now be made. If h(z) belongs to %7(z), then h(z) has a minimal decomposi- 
tion as the sum of an element f(z) of X(B) and an element of A(B). The 
element of 4!(B) is uniquely of the form B(z) g(z) for an element g(z) of 
g(z) which is orthogonal to the kernel of multiplication by B(z) in g(z). 
The identity 
<h(z), W).,,, = (f(4JWJY”(B) + (g(z), &D.(,, 
is satisfied. 
Note that g(z) is obtained from h(z) under the adjoint of multiplication 
by B(z) in g(z). Note also that 
f(z) = h(z) -B(z) g(z) 
belongs to X(B) and that the identity 
~f(zMzL(,,= (&), W).,,,- (g(z), g(4),(;) 
is satisfied. 
The construction of the linear system makes use of the power series 
B’(z) = zB(z). Since multiplication by B’(z) is contractive in V(z), a space 
&V(B’) exists. The space &(B’) is contained continuously and contractively 
in the space A(B). The complementary space B(B) to &!(B’) in A(B) is 
a Krein space such that multiplication by B(z) is a contractive partial 
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isometry of Y? ont G?(B). The space Z’(B) is contained continuously and 
contractively in the complementary space X(B’) to M(P) in q(z). The 
space 2?(B) is isometrically equal to the complementary space to X(B) 
in X(B’). 
Another description of the space SF’(#) is that it is the set of power 
series f(z) with vector coefficients such that [f(z)-f(O)]/z belongs to 
Z(B). The identity for difference-quotients 
( Cf(z) -f(O)llz, cm) -f(w&,,, 
= (S(z),f(z)>,(,,,-f(o)- f(O) 
holds for every such power seriesf(z). 
The linear system can now be described. The Cartesian product of X(B) 
and W is isometrically equivalent to 2(F). If f(z) is in X(B) and if c 
is in %‘, then the element (f(z), c) of the Cartesian product is associated 
with the element c + zf(z) of X(F). A continuous and contractive trans- 
formation of 2(P) onto itself which has an isometric adjoint is defined 
by taking c+zf(z) into f(z)+ B(z)c. The transformation describes a 
canonical linear system with state space Z’(B) and transfer function B(z). 
The linear system is conjugate isometric. 
A more general construction will now be made of a canonical linear 
system which is conjugate isometric and which has a given transfer func- 
tion. The transfer function is a power series B(z) with operator coefficients 
satisfying a conditions which will be specified later. 
Consider multiplication by B(z) as a transformation in V(z). The trans- 
formation takesf(z) into g(z) wheneverf(z) and g(z) are elements of S’(z) 
such that B(z) f(z) = g(z). Define graph(B) to be the graph of the adjoint 
of multiplication by B(z) in q(z). This is a relation which contains a pair 
(h(z), g(z)) of elements of W(z) if the identity 
<h(Z)> ~(ZMZ)),(,, = <&M4),(;, 
holds whenever f(z) belongs to the domain of multiplication by B(z) in 
V(z). 
The state space of the desired linear system will be constructed from 
graph(B). An approximate construction of the space will first be made. 
Define core(B) to be the set of power series of the form 
f(z) = 4) -B(z) i?(z) 
with (h(z), g(z)) in graph(B). In general an element of core(B) will have 
many such representations by elements of graph(B). It is, however, easily 
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verified that a unique scalar product exists on core(B) such that the 
identity 
(f(z), f(z) )Core(B) = <&)3 W) )%qz) - (g(z), g(z)).(;) 
is satisfied. 
A space graph(S) exists, B’(z) = zB(z). A pair (h(z), g(z)) of elements of 
V(z) belongs to graph(P) if, and only if, the pair 
(CNZ) - W)llz, g(z)) 
belongs to graph(B). If (h(z), g(z)) belongs to graph(B), then 
belongs to graph(P). 
V(Z)? [g(z) - dO)l/z) 
For the construction of the space X(B) it will be assumed that every 
element of graph(B’) is of the form 
(h(Z)> [g(z) - AO)l/~) 
for a unique element (h(z), g(z)) of graph(B). It will also be assumed that 
the vector g(0) depends continuously on the element of graph(Z) in a 
sense which will now be explained. 
A construction of Krein spaces results from the spectral theory for self- 
adjoint transformations in Hilbert spaces. Assume that J is a self-adjoint 
transformation of a Hilbert space Z into itself. The kernel of J is a closed 
subspace X0 of 2. By the spectral theorem for self-adjoint transformations 
the orthogonal complement of X0 in 2 is the orthogonal sum of unique 
closed subspace 2” and ~$6~) which are invariant subspaces for J, such 
that (Jc, c) is nonnegative whenever c is in X+ and is nonpositive when- 
ever c is in yi”_. The spaces ,ri”, and YE are called the positive and 
negative Riesz subspaces for the transformation J. 
A Krein space 2’ h can be constructed in this context. The first step in 
constructing 2 A is to pass to the quotient space of 2 modulo the sub- 
space &. The quotient space of 2 modulo So is identified with the 
orthogonal sum of Ye, and SC. Let &‘T be the essentially unique Hilbert 
space, which contains yi”+ as a dense subspace, such that the identity 
(a, b),,: = (Ja, b),+ 
holds for all elements a and b of -Ye,. Let 2 II be the essentially unique 
anti-space of a Hilbert space, which contains X as a dense subspace, such 
that the identity 
(a, b).,,A = (Ja, b),- 
holds for all elements a and b of S-C. 
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The desired Krein space 2 A is the orthogonal sum of 2 ; and 2 : and 
HE. It is called the Krein completion of 2 with respect to J. The 
orthogonal projection 7~ of 2 onto the span of yi”, and X maps X onto 
a dense subspace of X “. The identity 
(rra, nb)xA = (Ja, b), 
holds for all elements a and b of 2. 
This construction is now applied with X’= graph(P). To define a 
Hilbert space scalar product on the space write 5~7 as the orthogonal sum 
of a Hilbert space %‘+ and the anti-space WP of a Hilbert space. Let J be 
the unique operator which is the identity on %+ and which is minus the 
identity on se. Then the Hilbert space scalar product of graph(W) is 
defined so that the identity 
11 (h(z), g(z))11 &.,hcBrj = 1 b,; Jb, + c a; Ja, 
is satisfied whenever h(z) = C b,z” and g(z) = 2 a,z” are elements of U(z) 
such that (h(z), g(z)) belongs to graph(#). A unique self-adjoint transfor- 
mation J, of X into itself exists such that the identity 
(J, W(z), g(z)), (h(z)> s(z))>x 
= (h(z), w>,,,, - (g(z), g(z)>q,, 
holds for every element (h(z), g(z)) of 2. 
The hypothesis has been made that every element of graph(Z) is of the 
form 
(h(z), Cg(z) - dO)l/z) 
for a unique element (h(z), h(z)) of graph(B). Another hypothesis is needed 
for the construction of the space X(B). It is that g(0) depends con- 
tinuously on this element of graph(Z) considered in the Mackey topology 
of the Krein completion of graph(P) with respect to J,. 
The construction of the conjugate isometric linear system associated with 
the space X(B) is now made using a construction of continuous transfor- 
mations in Krein spaces which is due to Mark Krein. The Krein method 
has previously been used by Diksma, Langer, and de Snoo [9] to 
construct unitary linear systems with given transfer functions. 
Assume that J, is a self-adjoint transformation of a Hilbert space J&’ 
into itself, that Jg is a self-adjoint transformation of a Hilbert space @ into 
itself, that U is a continuous transformation of JZ! into a’, and that V is a 
continuous transformation of 8 into &. Let &’ A be the Krein completion 
of d with respect to J,, and let a A be the Krein completion of 23 with 
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respect to J,. Let n, be the projection of ~4 into ~4 A and let n, be the 
projection of 3 into .93 A. If the identity 
J, U = V*J, 
is satisfied, then unique adjoint transformations U A of d A into 93 n and 
V” of 93 A into d A exist such that the identity 
holds for every element a of d and the identity 
V/^ 7c,b = r.d Vb 
holds for every element b of 99’. 
The proof of the theorem is easily reduced to the case in which dA and 
99 A are Hilbert spaces. In that case the theorem is an expression of the 
principle that the bounds of operators in a C*-algebra are an intrinsic 
property of the algebra and do not depend on the choice of representation 
of the algebra. 
The Krein construction of continuous transformations in Krein spaces 
will now be used to construct the desired linear systems. 
THEOREM 1. Assume that B(z) is a power series with operator coef- 
ficients such that every element of graph(B’) is uniquely of the form 
(h(z), [g(z) - dO)l/z) 
for an element (h(z), g(z)) of graph(B), B’(z) = zB(z). Assume that the 
transformation of graph(B’) into %? which takes 
(h(z), [g(z) - g(O)l/z) 
into g(0) is continuous from the Mackey topology of the Krein completion of 
graph(B’) into the Mackey topology of %?. Then a unique state space 2(B) 
of a canonical linear system exists, which is conjugate isometric and has 
transfer function B(z), such that core(B) is contained isometrically in X(B). 
Proof of Theorem 1. An orthogonal decomposition of the coefficient 
space %7 into a Hilbert space and the anti-space of a Hilbert space is 
assumed. But it is a consequence of the Krein construction of continuous 
transformations that the Krein completions which are taken are inde- 
pendent of the choice of decomposition. Let J be the associated self-adjoint 
and unitary operator. 
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The space graph(P) becomes a Hilbert space 9I when considered with 
the scalar product 
((fw), g(z)), (h(z), g(z))), 
= <J&l> h(z) hgz) + <J&h g(z) )qz). 
The set of elements (h(z), g(z)) of P2 such that g(0) =/z(O) is a Hilbert 
space d with the scalar product inherited from 923. Let J, be the unique 
self-adjoint transformation of d into itself such that the identity 
<J.,VG)> g(z))> (&h g(z)))., 
= (h(z), h(z) )M.(;) - (g(z), g(z) hs(z) 
holds for every element (h(z), g(z)) of d. Let J, be the unique self-adjoint 
transformation of &I into itself such that the identity 
(J,(&h g(z)), (h(z), g(z)) >, 
= <h(z), w&y,,- <g(z), g(z)),(;) 
holds for every element (h(z), g(z)) of C3. 
A continuous transformation U of & into 98 is defined by taking 
(h(z), g(z)) into 
(CNZ) - MO)llz, C&T(z) - ‘40)1/z). 
By hypothesis a one-to-one transformation of JZZ onto g is obtained. By 
the open mapping theorem the inverse transformation V of @ onto d is 
continuous. Note that the identity 
<&L W),,;, - <g(z), &T(Z) )U(;) 
= (L-4) - MO)llz, C&) - wH/z),,,, 
- (Cs(z) - g(O)l/z, C&) - gcYl/z>,(z, 
holds for every element (h(z), g(z)) of &. 
The Krein construction of continuous transformations can now be 
applied. Let X& be the projection of .d into the Krein completion &!A of 
d with respect to J,. Let Z, be the projection of 93 into the Krein 
completion 29 h of &? with respect to J,. Then a unique isometric trans- 
formation 17” of SI A into 93 A exists such that the identity 
holds on S? 
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Consider graph(B) as a Hilbert space 2 with scalar product 
(W), g(z)), Mz), dz))),#f 
= (W), W),,;, + <J&h gwY(z). 
Let J, be the self-adjoint transformation of 2 into itself such that the 
identity 
<J.,(Q), g(z)), (h(z), &))>.z 
= (h(z), w&q,, - <g(z), g(z)),(;) 
is satisfied. Let 2 A be the Krein completion of 2 with respect to J,, . Let 
7cJy- be the projection of 2 into X A. 
An isometric transformation of the Cartesian product @? x 2’ onto &I is 
defined by taking the pair consisting of the element c of V and the element 
(h(z), g(z)) of 2 into the element (c+zh(z), g(z)) of a. The transforma- 
tion J,* takes (h,(z), g,(z)) into (h*(z), g2(z)) if, and only if, J,P takes 
([h,(z) -h,(O)llz? g1(z)) 
into 
(t-Mz) - h(0)1/Z, g2b)) 
and J takes h,(O) into h,(O). 
A unique isometric transformation of the Cartesian product V x YE’ h 
onto 93 h exists which takes the pair consisting of the element c of V and 
the element n,(h(z), g(z)) of XA into the element 
XgJC + z&)3 g(z)) 
of g’^ for every element (h(z), g(z)) of 2”. 
By hypothesis the transformation of a into % which takes 
(CMZ) - h(O)llz, Cdz) - dO)l/z) 
into g(0) for every element (h(z), g(z)) of ~4 is continuous from the 
Mackey topology of SY A to the Mackey topology of %?. A unique con- 
tinuous transformation of &? A into %? exists which takes 
~d(h(Z), k(z) - s(O)l/z) 
into g(0) for every element (h(z), g(z)) of 2. A unique continuous trans- 
formation S of d A into %? exists which takes n&(/z(z), g(z)) into h(O) for 
every element (h(z), g(z)) of d. 
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The adjoint S* of S is a continuous transformation of $7 into d “. The 
composed transformation S*S is a self-adjoint transformation of d A into 
itself. Another self-adjoint transformation of d h into itself is 1 - S*S. 
A Krein space is obtained as the Krein completion of r;9 A with respect to 
1 - S*S. An isometric transformation exists of the space onto Z A by the 
Krein construction of continuous transformations. The transformation is 
determined by the transformation of ~4 into X which takes (h(z), g(z)) 
into 
(t-h(z) - W)llz, g(z)). 
It follows that a continuous isometric transformation exists of d A into 
g h which is determined by the inclusion of d in 99. The space & A will 
be identified with its image in WA under this transformation. 
A linear system will now be constructed whose state space is 2 h. The 
space 33 h has been identified with the Cartesian product of .GP A and %. 
The linear system is defined by a partially isometric transformation of 9J * 
onto itself. The transformation is defined to annihilate the orthogonal 
complement of ~4 A in 93 I\. The transformation is defined on JX! h to agree 
with the isometry of .G! h into 9 A which takes ~&(/r(z), g(z)) into 
n,(Ch(z) - W)llz, t-g(z) - s(O)l/z) 
for every element (h(z), g(z)) of ~4. 
A proof of the observability of the linear system will now be given. 
Let T denote the conjugate isometric transformation of %Y A into itself 
which defines the linear system. For observability it must be shown that 
an element k of .3? A vanishes if T”k is orthogonal to g for every non- 
negative integer n. An equivalent assertion is that X A is the closed span 
of elements of the form T*” for a vector c and a nonnegative integer n. 
A computation of these elements of 39 A is easily made in terms of the 
coefficients of the power series B(z) = C B,z”. The graph of the adjoint of 
multiplication by B’(z) is the closed vector span of pairs of the form 
for a nonnegative integer r and for vectors c, which are defined inductively 
from c,, by the equation 
cr+l= 1 B,cr-n. 
n<r 
Since the action of T*’ on cO is 
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the space PJ h is the closed vector span of elements of the form T*‘c with 
r a nonnegative integer and c in V. This verifies the observability of the 
linear system. 
For every element (h(z), g(z)) of !3 consider the power series 
f(z) = h(z) - zB(z) g(z). 
If (h(z), g(z)) is any element of ?J and if (h,(z), g,(z)) is the unique element 
of W such that 
and 
h(z) = [h,(z) - h,(O)llz 
g(z) = cglb) - g1(O)l/z 
and if g,(O)=h,(O), then the action of T* 
~,&l(Z)~ gl(z)). If 
f(z) = 4) - ZWZ) g(z) 
and 
t-i(Z) = h,(z) -zNz) g,(z), 
then the identity 
on I,@, g(z)) is 
f(z)= Cfi(z)-fi(O)llZ--B(z)fi(O) 
is satisfied. 
The observable linear system can now be put in canonical form. Let A 
denote the main transformation and let C denote the output transforma- 
tion. Then a power series f(z) = C a,z” is associated with every element k 
of X h by c, = CA”k for every nonnegative integer n. Every element of 93 A 
is determined by an element c of 92 and an element k of 2 A, The power 
series c + zf(z) is associated with the element of 2 A. The above calcula- 
tions show that this power series is 
&f(z) = h(z) - ZWZ) g(z) 
when the element of 623” is rcJh(z), g(z)) for an element (h(z), g(z)) of g. 
They also show that the identity 
(n,(&h g(z)), ~.&(Z)~ g(z))>.@ 
= (h(Z)> W),,,, - (g(z), &D,(;, 
is satisfied. 
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It has now been shown that the state space 2 A of the linear system can 
be realized as a space of power series with vector coefficients in such a way 
that core(B) is contained densely and isometrically in the space. A canoni- 
cal linear system which is conjugate isometric and which has transfer 
function B(z) is obtained. 
This completes the proof of existence of a space Z&‘(B) with the desired 
properties. A proof of uniqueness will now be given. 
Assume that X is the state space of a canonical linear system which is 
conjugate isometric and has transfer function B(z) and that core(B) is 
contained isometrically in 2’. It will be shown that a space X(B) exists 
and that it is isometrically equal to 2. 
As in the proof of existence it is assumed that the coefficient space V is 
written as the orthogonal sum of a Hilbert space and the anti-space of a 
Hilbert space. Let J be the associated self-adjoint and unitary operator. 
The notation graph(B) is again used for the graph of the adjoint of 
multiplication by B(z) in g(z). The space is considered a Hilbert space with 
the unique scalar product such that the identity 
= <-wz), 4) h(z) + <&T(Z)> g(z) >Y+, 
is satisfied. 
By hypothesis a transformation T of graph(B) into 2 is defined by 
taking (h(z), g(z)) into h(z) - B(z) f(z). The transformation is continuous 
by the closed graph theorem. If T* denotes the adjoint transformation of 
J? into graph(B), then T*T is a self-adjoint transformation of graph(B) 
into itself. The identity 
(T*TOVz), g(z)), (h(z), g(z)) )grapt,cizj 
= (4Z)> W),,;, - (g(z), g(ow(,) 
holds for every element (h(z), g(z)) of graph(B). The kernel graph,(B) of 
the transformation is a Hilbert space which is contained isometrically in 
graph(B). The spectral theorem for self-adjoint transformations in Hilbert 
space is used to decompose the orthogonal complement of graph,(B) in 
graph(B) into the orthogonal sum of Hilbert spaces graph+ (B) and 
graph_ (B), both of which are invariant under T*T, such that the restric- 
tion of T*T to graph+(B) is nonnegative and the restriction of T*T to 
graph ~ (B) is nonpositive. 
Let core+ (B) be the set of elements of core(B) of the form 
h(z) - B(z) g(z) with (h(z), g(z)) in graph+ (B). Let core- (B) be the set of 
elements of core(B) of the form h(z)-B(z) g(z) with (h(z), g(z)) in 
graph- (B). Then core(B) is the orthogonal sum of the spaces core+ (B) 
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and core_(B). In the space core + (B) all self-products are nonnegative. In 
the space core- (B) all self-products are nonpositive. 
The space Y? is the orthogonal sum of a Hilbert space X+ and the anti- 
space JL of a Hilbert space where X+ contains the elements of X which 
are mapped by T* into graph + (B) and X- contains the elements of X 
which are mapped by T* into graph ~ (B). The space core + (B) is con- 
tained densely and isometrically in the space X+ The space core ~ (B) is 
contained densely and isometrically in the space YC . Since the space 
core(B) is contained isometrically in the space X, the space 2 can be 
identified withe the Krein completion of graph(B) with respect to the self- 
adjoint transformation T*T. A similar construction can be applied to the 
Krein space 2’ of power series f(z) with vector coefficients such that 
[f(z) -f(O)]/z belongs to 2, the scalar product defined in 2”’ so that the 
identity 
(L-f(z) -f(o)l/z> Cf(z) -f(O)llz), 
= (f(z)~f(z)>~~-f(o)- f(O) 
is satisfied. The space 2’“’ is the state space of a canonical linear system 
which is conjugate isometric and which has transfer function B’(z) = zB(z). 
The space core(P) is contained isometrically in the space 2’“‘. A con- 
tinuous transformation S of graph(P) into 2 is defined by taking 
(h(z), g(z)) into h(z) -zB(z) g(z). The space 2’ is identified with the 
Krein completion of graph(E) with respect to the self-adjoint transforma- 
tion S*S. 
The hypotheses for the construction of the space X(B) will now be 
verified. Since the canonical linear system with state space 2 and transfer 
function B(z) is conjugate isometric, a partially isometric transformation of 
2’ onto itself is defined by takingf(z) into 
[f(z) -f(O)llz + B(z) f(O). 
This means that every element of 2’ is of the form f(z) + B(z) c for an 
elementf(z) of 2 and a vector c. The representation is made unique by the 
requirement that the identity 
is satisfied. 
A continuous transformation of graph(B) into graph(B’) is defined by 
taking (h(z), g(z)) into 
VG), [I&) - g(O)l/z), 
580/98/l-2 
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Every element of graph(#) is of the form 
(&)3 k(z) - dO)l/z) 
for a unique element (h(z), g(z)) of graph(B). The transformation of 
graph(P) into %? which takes 
V(Z)> IL&) - dO)l/z) 
into g(0) is continuous from the Mackey topology of the Krein completion 
of graph(B’) into ‘8. 
The hypotheses for the construction of the space 2(B) have now been 
verified. By definition the space Z(B) is the orthogonal sum of a Hilbert 
space X+ (B) and the anti-space X- (B) of a Hilbert space such that 
core+ (B) is contained densely and isometrically in yi”+ (B) and core_ (B) 
is contained densely and isometrically in C (B). Since the space X+ is 
then isometrically equal to the space X+ (B) and the space X- is isometri- 
cally equal to the space &? (B), the space 2 is isometrically equal to the 
space X(B). 
This completes the proof of te theorem. 
If B(z) is a power series with operator coefficients such that a space 
Z(B) exists, then a space &“(B’) exists, B’(z) = zB(z). The space is the set 
of power series f(z) with vector coefficients such that [f(z)-f(O)]/2 
belongs to X’(B). The identity for difference-quotients 
([f(z) -f(O)llz, U(z) -fc-wz),(B, 
= <f(z), f(z)>,,,,, -f(O)- f(O) 
holds for every element f(z) of X’(P). 
A space R(B) is said to be contractive if the corresponding linear system 
is contractive. The space X(B) is then contained continuously and con- 
tractively in the space X(B’). Multiplication by B(z) is a contractive par- 
tial isometry of @? onto the complementary space to &Y(B) in X(R). The 
space Z(B) is contractive whenever multiplication by B(z) is a contractive 
transformation in U(z). 
If a space X(B) is contractive, a unitary linear system can be constructed 
which is related to the canonical linear system with state space Y(B) and 
transfer function B(z). The state space of the linear system is a Krein space 
23(B) whose elements are pairs (j(z), g(z)) of power series with vector 
coefficients. A contractive partial isometry of 9(B) onto Z(B) is defined 
by taking (f(z), g(z)) into f(z). The space 9(B) is called the extension 
space of 2?(B). 
For the construction of the extension space define power seriesf(z) and 
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g(z) with vector coefficients to be r-equivalent if the difference g(z) -f(z) 
is divisible by zr. The construction of the space 9(B) is made inductively. 
For each nonnegative integer Y a Krein space &Sr(B) will be constructed 
whose elements are pairs (f(z), g(z)) consisting of a power seriesf(z) with 
vector coefftcients and an r-equivalence class g(z) of power series with 
vector coefficients. A contractive partial isometry of CSr(B) onto X(B) is 
defined by taking (f(z), g(z)) into f(z). The desired space 9(B) will be a 
limit of the spaces L%~(B). 
The space gr(B) is defined to be the space of pairs (f(z), g(z)) consisting 
of an element f(z) of X(B) and an r-equivalence class of power series 
g(z) = C a,z” with vector coefficients such that 
z”f(z) - B(z)(a,z”--’ + . . + a,- ,) 
belongs to 2(B) for every n = 1, . . . . r. It will be shown that a scalar 
product can be introduced in GSr(B) so that the identity 
((f(Z)? g(z)), (f(Z)> &)))~r(13) 
= (z’f(z) - B(z)(a& ’ + ... + a,- 1), 
z’f(z)-B(z)(a,z’-‘+ ... +a,-,)),~,~ 
is satisfied. 
+a,a,+ ... +u,,u,-, 
The existence of the desired scalar product on gr(B) is clear when r = 0 
because an isometric transformation of Z(B) onto 9,,(B) is defined by 
takingf(z) into (f(z), 0). The space go(B) is a Krein space. 
Assume it is known that the desired scalar product exists on the space 
LSr(B) and that the space is a Krein space. It will be shown that the desired 
scalar product exists on the space gr,, I (B) and that the space is a Krein 
space. 
A part of the desired space $Br + r(B) is seen to have the desired scalar 
product because an isometric transformation of Cam, into 9,.+ ,(B) can be 
defined. The transformation takes (f(z), g(z)) into (h(z), k(z)) where 
h(z)=f(z) and k(z) =C u,z” is a power series which is r-equivalent to 
g(z). The coefficient a, of zr is obtained from 
z’f(z)- B(z)(u,z’-’ + ... +a,+ ,) 
under the adjoint of the input transformation for the canonical linear 
system with state space A?(B) and transfer function B(z). 
The desired scalar product is now easily established on the full space 
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6BV,, r(B). The space is the orthogonal sum of the above image of 9,.((B) and 
the set of pairs (f(z), g(z)) such that 
zr+ ‘f(z) - B(z)(a()z’+ . . . + a,) = 0, 
where g(z) = C a,z”. The set of such pairs is a Hilbert space by the contrac- 
tive property of the canonical linear system with state space X(B) and 
transfer function B(z). 
A contractive partial isometry of the space 9,+ ,(B) onto the space L@(B) 
is defined by taking (f(z), g(z)) into (h(z), k(z)) where h(z) =f(z) and k(z) 
is the r-equivalence class of g(z). The space .9(B) is the set of pairs 
(f(z), g(z)) of power series with vector coefficients, which represent an 
element of Cam, for every nonnegative integer r, such that the sequence of 
numbers 
<(f(Z)? g(z)), (f(Z)? &)))EqB, 
is bounded. Since the sequence is nondecreasing, it has a limit. A unique 
scalar product exists on the space 9(B) such that the limit is equal to 
((f(Z)> g(z)), (f(Z)> &))LyB). 
The space 9(B) is a Krein space. A contractive partial isometry of the 
space 9(B) onto the space 9,(B) is defined by taking (f(z), g(z)) into 
(h(z), k(z)) where h(z) =f(z) and k(z) is the r-equivalence class of g(z). 
A unitary linear system with state space 9(B) will now be constructed. 
Write B*(z) = C B; z” where B(z) = C B,,z”. 
Note that a continuous transformation of gr+ ,(B) into gr((B) is defined 
by taking (f(z), g(z)) into 
W(z) - B(z) g(O), k(z) - dO)l/z) 
and the identity for difference-quotients 
((d(z) - B(z) g(O), [g(z) - g(O)l/zL 
W(z) -B(z) g(O), IMz) - g(Wl&r~~~ 
= ((f(z), g(z)), (f(z), g(z))),,+,(,)- g(O)- g(O) 
is satisfied. The adjoint transformation of gr(B) into 9,.+ ,(B) takes 
tf(z), g(z)) into 
(IX-f(O)lh &)--*(z)f(O)) 
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and the identity for difference-quotients 
((Cf(z)-.m)l/z, z&)-B*(z)f(O)), 
(cm-f(O)l/z, zg(z)--*(z)f(O))),,+,(,, 
= ((f(Z)> g(z)), (f(Z)> m)),,(,,-f(w f(O) 
is satisfied. 
The linear system with state space 52(B) can now be described. 
THEOREM 2. If a space X(B) is contractive, then a unitary linear system 
with state space 9(B) exists for which the main transformation takes 
(f(z), g(z)) into 
([f(z) -f(O)llz, zg(z) - B*(z)f(O))> 
the input transformation takes c into 
([B(z) - B(O)1 c/z, Cl - B*(z) B(O)] c), 
the output transformation takes (f(z), g(z)) into f(O), and the external 
operator is B(0). 
Proof of Theorem 2. It will first be shown that a conjugate isometric 
linear system with state space GSr(B) exists whose main transformation 
takes (f(z), g(z)) into 
(Cfb-f(O)llz, zg(z)-B*(z)f(O)), 
whose input transformation takes c into 
([B(z) - B(O)1 c/z, Cl -B*(z) B(O)1 ~1, 
whose output transformation takes (f(z), g(z)) into f (0), and whose 
external operator is B(0). 
The existence and continuity of the main transformation are easily 
verified from the remarks preceding the statement of the theorem. The 
adjoint of the transformation of gr(B) into itself which takes (f(z), g(z)) 
into 
([f(z)-f(O)l/z, zg(z)-B*(z)f(O)) 
is the transformation which takes (f(z), g(z)) into 
(zh(z) - B(z) k(O), [k(z) - W)llz), 
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where (h(z), k(z)) is the unique element of sr+,(B) which represents 
(f(z), g(z)) and is orthogonal to elements of SF+ r(B) which represent the 
zero element of 9P(B). 
Some remarks need to be made before proceeding with the proof. Write 
B(z) = C B,z”. If h(z) = C b, zn is a polynomial with vector coefficients and 
if g(z) = C a,z” is the polynomial with vector coefficients defined by 
then h(z) -B(z) g(z) belongs to Z(B) and the identity 
1 b, cn = (f(z)> h(z) - B(z) &)Lc,, 
holds for every element f(z) = C c,zn of X(B). This information is used in 
the case in which h(z) is a monomial. 
For the existence of the input transformation it must be shown that a 
continuous transformation of %? into gr(B) is defined by taking c into 
(CNZ) - B(O)1 CT [B*(z) - W)l c/z) 
when r is positive, and that the adjoint transformation takes (f(z), g(z)) 
into g(0). The verification is a straightforward use of the definition of the 
space gr(B) and the preceding remarks. 
The output transformation (f(z), g(z)) into f(0) is a continuous trans- 
formation of Lag, into V whose adjoint takes c into 
([ 1 - B(z) B(O)] c, [B*(z) - B(O)] c/z). 
The verification is again a straightforward use of the definition of the space 
gr(B) and the preceding remarks. 
This constructs the linear system with state space Lag since the exter- 
nal operator B(0) is already known to be continuous as a transformation 
of %’ into itself. The conjugate isometric property of the linear system is 
verified by the obvious calculations using the descriptions given of adjoint 
transformations. 
Since the scalar product in the space Q(B) is a limit of the scalar 
products in the spaces gr(B), the computation of adjoints passes over to 
the space Q(B). The conjugate isometric property of the linear system is 
again verified by the obvious calculations using the descriptions given of 
adjoint transformations. The unitary property of the linear system will now 
be verified by showing that no nonzero element exists in the kernel of the 
defining matrix. 
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If (f(z), g(z)) is an element of 9(B) and if c is a vector which determine 
an element of the kernel, then 
([f(z) -fP)llz> z&) - B*(z)f(O)) 
+ ([B(z) - B(O)] c/z, [ 1 - B*(z) B(O)] c) = 0 
and 
f(0) + B(0) c = 0. 
Since these equations imply that 
zf(z) + B(z) c = 0 
and 
zg(z) + c = 0, 
it follows that f(z) and g(z) vanish identically. 
This completes the proof of the theorem. 
The relation between factorization and invariant subspaces is a central 
issue of the theory of linear systems. If X(A), X(B), and X(C) are spaces 
such that B(z)=A(z) C(z), then it may happen that the space Z’(A) is 
contained isometrically in the space X(B) and that multiplication by A(z) 
is an isometric transformation of X(C) onto the orthogonal complement 
of X(A) in X(B). Then X(A) is a closed invariant subspace for the 
difference-quotient transformation in the space X(B). 
A similar construction can exist for extension spaces when they exist. It 
may be that an isometric transformation of 9(A) into 9(B) exists which 
takes (f(z), g(z)) into (f(z), C*(z) g(z)). And it may be that an isometric 
transformation exists of 9(C) into 9(B) which takes (f(z), g(z)) into 
(A(z)f(z), g(z)). And it may be that the space 9(B) is the orthogonal sum 
of the ranges of the two isometries. Again there is an invariant subspace 
interpretation. The space 9(A) determines a closed invariant subspace of 
the main transformation of the linear system with state space 9(B). 
In general the existence of such isometric transformations is not a 
consequence of the factorization B(z) = A(z) C(z). But it may happen that 
related contractive transformations exist. The construction of these trans- 
formations makes use of the concept of overlapping space of 9(A) with 
respect to 9(C). These overlapping spaces are related to the overlapping 
spaces of complementation theory but are not identical with them. No 
attempt will be made to maintain a consistent terminology. The context 
should be sufficient to determine which concept of overlapping space is 
meant. 
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The hypothesis is made that the spaces X(A) and S(C) are contractive 
so that the extension spaces .9(A) and 3(C) exist. The overlapping space 
8 of 9(A) with respect to 9(C) is the set of pairs (f(z), g(z)) of power 
series with vector coefficients such that (A(z)f(z), -g(z)) belongs to 9(A) 
and (-f(z), C*(z) g(z)) belongs to 9(C). It is interesting to know whether 
a scalar product can be defined in the space so that the identity 
((f(z), E!(z)), (f(Z)> g(z))>, 
= <(A(z)f(z), -g(z)), (A(Z).f(Z)? -dzm9,,4, 
+ ((-f(z), c*(z) g(z)), (-f(z), c*(z) &N>LB(C, 
is satisfied. 
Note that the space & is invariant under the transformation which takes 
(f(z), g(z)) into 
(U(z) -f(o)llz> zdz) +&f(O)) 
and the transformation which takes (f(z), g(z)) into 
W(z) + g(O), [g(z) -f(O)llz). 
These transformations are inverses of each other. If the desired scalar 
product exists, then the transformations are adjoints. 
An interesting situation is created if the desired scalar product exists and 
if the overlapping space d becomes a Hilbert space with this scalar 
product. In this case it will be said that the overlapping space of 9(A) with 
respect to 9(C) is a Hilbert space. In this context it will be interesting to 
know whether the transformations (f(z), g(z)) into (A(z) f(z), -g(z)) of 6’ 
into 9(A) and (f(z), g(z)) into (-f(z), C*(z) g(z)) of d into 9(C) are 
continuous. 
If the overlapping space F of 93(A) with respect to 3(C) is a Hilbert 
space, then a Hilbert space 3 exists, whose elements are power series with 
vector coefficients, such that a partially isometric transformation of d onto 
9 is defined by taking (f(z), g(z)) into f(z). The space 9 is called the 
overlapping space of X(A) with respect to Z(C). In this context it is 
interesting to know whether the inclusion of 9 in X(C) is continuous and 
whether multiplication by A(z) is a continuous transformation of 3 into 
Z(A). Note that a continuous transformation of .Y into itself which has an 
isometric adjoint is defined by taking f(z) into [f(z) -f(O)]/z. 
An example of a situation in which the overlapping space of L%?(A) with 
respect to X(C) is a Hilbert space is when multiplication by A(z) and 
multiplication by C(z) are contractive transformations in U(z). Then multi- 
plication by B(z) = A(z) C(z) is also a contractive transformation in S’(z). 
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A continuous and contractive transformation of 9(A) into 9(B) is defined 
by taking (f(z), g(z)) into (f(z), C(z) g(z)) and a continuous and contrac- 
tive transformation of 9(C) into 9(B) is defined by taking (f(z), g(z)) into 
(A(z)f(z), g(z)). The ranges of these transformations are Krein spaces 
when considered with unique scalar products such that the transformations 
are contractive partial isometries. The range spaces are complementary 
spaces in the space 9(B). The overlapping space of 9(A) with respect to 
9(C) is a Hilbert space. The overlapping space 9 of .X(A) with respect to 
X(C) is a Hilbert space which is contained continuously in the space 
WC). 
This construction of a space X(B) also applies under weaker 
hypotheses. Assume that X(A) and X(C) are contractive spaces and that 
the overlapping space 9 of X(A) with respect to X(C) is a Hilbert space 
which is contained continuously in X(C). This condition means that the 
overlapping space 6 of 9(A) with respect to 9(C) is a Hilbert space. Since 
9 is contained continuously in X(C) and since a continuous transforma- 
tion of Z(C) into $7 is defined by taking f(z) into f(O), a continuous 
transformation of 9 into Q? is defined by taking f(z) into f(0). Since a 
continuous transformation of 6’ into .Y is defined by taking (f(z), g(z)) 
into f(z), a continuous transformation of 6’ into V is defined by taking 
(f(z), g(z)) into f(0). Since a continuous transformation of d into itself is 
defined by taking (f(z),g(z)) into 
([f(z) -f(O)llz, zg(z) +.m)), 
a continuous transformation of & into %? is defined by taking (f(z), g(z)) 
into the coefficient of zr in f(z) for every nonnegative integer Y. Since a 
continuous transformation of & into itself is defined by taking (f(z), g(z)) 
into 
(zf(z) + g(O), [g(z) - &@)l/z)9 
a continuous transformation of & into V is defined by taking (f(z), g(z)) 
into the coefficient of zr in g(z) for every nonnegative integer r. By the 
closed graph theorem the transformation of & into 9(A) which takes 
(f(z), g(z)) into 
(4Z)f(Z)? -g(z)) 
and the transformation of 6’ into 9(C) which takes (f(z), g(z)) into 
(--f(z), c*(z) g(z)) 
are continuous. 
The space & determines a Hilbert space which is contained continuously 
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and isometrically in the Cartesian product 9(A) x 9?(C). The space is the 
kernel of the transformation which takes the pair consisting of the element 
(f(z), g(z)) of 9(A) and the element (h(z), k(z)) of 9(C) into the pair 
(f(z) + A(z) 4z), k(z) + c*(z) g(z)). 
The range of the transformation is a Krein space 9 when considered with 
the unique scalar product such that the transformation is a contractive 
partial isometry of 9(A) x 9(C) onto 9. 
The space 9 is the state space of a unitary linear system. The main trans- 
formation takes (f(z), g(z)) into 
(cf(z) -f(O)llz, zg(z) - B*(z)f(O)). 
Its adjoint takes (f(z), g(z)) into 
W(z) - B(z) g(O), k(z) - dO)l/z). 
The input transformation takes c into 
([B(z) -B(O)] c/z, Cl -B*(z) B(O)1 c). 
Its adjoint takes (f(z), g(z)) into g(0). The output transformation takes 
(f(z), g(z)) into f(0). Its adjoint takes c into 
([ 1 - B(z) B(O)] c, [B*(z) - B(O)] c/z). 
The external operator is B(O). The linear system so obtained is called the 
product of the linear systems with state spaces 9(A) and 9(C). 
Assume that the set of elements (f(z), g(z)) of 9 such that f(z) = 0 is a 
Hilbert space which is contained continuously and isometrically in 9. Then 
a Krein space L%? exists such that the transformation which takes 
(f(z), g(z)) into f(z) is a contractive partial isometry of 9 onto 2”. The 
space X’ is the state space of a canonical linear system which is conjugate 
isometric and has transfer function B(z) =,4(z) C(z). The linear system is 
called the product of the canonical linear systems with state space Z(A) 
and transfer function A(z) and state space X’(C) and transfer function 
C(z). 
An application is now made of the preservation of complementation 
under contractive partially isometric transformations [S]. The space S(A) 
is contained continuously and contractively in the space s!?. Multiplication 
by A(z) is a contractive partial isometry of X’(C) onto the complementary 
space to S(A) in 9. 
An interesting problem is to determine whether the space 3 so obtained 
is always a space Z(B). An affirmative answer can be given when the 
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graph of the adjoint of multiplication by B(z) in V(z) is properly related to 
the graph of the adjoint of multiplication by A(z) in U(z) and the graph of 
the adjoint of multiplication by C(z) in ‘+2(z). It is not known whether this 
condition is always satisfied when the multiplication is possible. 
THEOREM 3. If Z(A) and X(C) are contractive spaces such that the 
product of the canonical linear systems with state space X(A) and transfer 
function A(z) and state space X(C) and transfer function C(z) exists, and 
iffor every element (h(z), g(z)) of the graph of the adjoint of multiplication 
by B(z) in V(z) an element k(z) of V(z) exists such that (h(z), k(z)) belongs 
to the graph of the adjaint of multiplication by A(z) in V(z) and (k(z), g(z)) 
belongs to the graph of the adjoint of multiplication by C(z) in V(z), then a 
space X(B) exists, B(z) = A(z) C(z), and it is the state space of the product 
linear system. 
Proof of Theorem 3. Let 2 be the state space of the product canonical 
linear system, which is conjugate isometric and has transfer function B(z). 
It must be shown that H is isometrically equal to a space X(B). By the 
proof of the first theorem it must be shown that h(z) - B(z) g(z) belongs to 
X whenever (h(z), g(z)) belongs to the graph of the adjoint of multiplica- 
tion by B(z) in U(z). For every such element (h(z), g(z)) of the graph an 
element k(z) of W(z) exists by hypothesis such that (h(z), k(z)) belongs to 
the graph of the adjoint of multiplication by A(z) in %7(z) and (k(z), g(z)) 
belongs to the graph of the adjoint of multiplication by C(z) in U(z). These 
conditions imply that h(z)- A(z) k(z) belongs to p”(A) and that 
k(z) - C(z) g(z) belongs to A?‘(C). It follows that 
h(z) - B(z) g(z) = C&)-A(z) &)I + A(z)Ck(z) - C(z) &)I 
belongs to Z. 
Since the identities 
<h(z) -A(z) k(z)> h(z) - A(z) Wzk,~,, 
= (h(z), h(z)),,,, - <k(z), k(z)),,,, 
and 
<k(z) - C(z) g(z), k(z) - C(z) &D.,,c, 
= (k(z), 44&z, - (g(z), g(z) >U(;, 
are satisfied, the inequality 
<h(z) - B(z) g(z)> h(z) - B(z) g(z) LycBb 
G (h(z), h(z)),,,, - <g(z), g(zD,c,, 
is satisfied. 
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Equality holds whenever h(z) = C b,z” is a polynomial with vector coef- 
ficients and g(z) = C a,z” is the polynomial defined by 
where B(z) = C B,z”. Equality therefore holds for a dense set of elements 
(h(z), g(z)) of the graph of the adjoint of multiplication by B(z) in W(z). 
Since the transformation of the graph into X which takes (h(z), g(z)) into 
h(z) - B(z) g(z) is continuous by the closed graph theorem, equality holds 
for every element (h(z), g(z)) of the graph. 
This completes the proof of the theorem. 
Converse results are a fundamental issue of invariant subspace theory. 
The problem is to determine when a contractive inclusion of spaces deter- 
mines a factorization. The initial results of this nature made hypotheses 
about the larger space. It was for example assumed that the larger space is 
the state space of a canonical linear system which is unitary [4]. This 
hypothesis was removed by R. B. Leech [ 121 when the state space and 
coefficient space are Hilbert spaces. A generalization of the theorem will 
now be given in a Krein space context. Again a hypothesis is made to 
conclude that the canonical linear system which is constructed is of the 
type associated with a space Z(B). It is not known whether the hypothesis 
can be omitted. 
THEOREM 4. If a contractive space X(A) is contained contractively in a 
contractive space Z(B), then B(z) = A(z) C(z) where C(z) is the transfer 
function of a canonical linear system which is contractive and conjugate 
isometric. Multiplication by A(z) is a contractive partial isometry of the state 
space .X of the linear system onto the complementary space to Z’(A) in 
Z(B). The space SF is isometrically equal to a space p(C) if for every 
element (k(z), g(z)) of the graph of the adjoint of multiplication by C(z) in 
97(z) an element h(z) of V(z) exists such that (h(z), k(z)) belongs to the 
graph of the adjoint of multiplication by A(z) in g(z), such that (h(z), g(z)) 
belongs to the graph of the aa’joint of multiplication by B(z) in V(z), and such 
that the adjoint of the inclusion of X’(A) in Z(B) takes h(z) - B(z) g(z) into 
h(z) -A(z) k(z). 
Proof of Theorem 4. Since the main transformation and the output 
transformation of the canonical linear system with state space X(B) and 
transfer function B(z) are continuous, a continuous transformation of 
S(B) into %? is defined by taking f(z) into the coefficient of zr in f(z) for 
every nonnegative integer r. Since a similar conclusion holds for the space 
Z(A), the inclusion of Z’(A) in Z’(B) has a closed graph. The inclusion 
is continuous by the closed graph theorem. 
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Since the canonical linear system with state space X(B) and transfer 
function B(z) is contractive, the space X(B) is contained continuously and 
contractively in the space X(P), B’(z) = zB(z). Multiplication by B(z) is a 
contractive partial isometry of W onto the complementary space B(B) to 
X(B) in X(8). The space Z(P) is the set of power seriesf(z) with vector 
coefficients such that [f(z)-f(O)]/z belongs to X(B). The identity 
([f(z) -f(O)m Cf(z) -fvN/zk,, 
= (f(z),f(z)>.X(B’)-f(O)- f(O) 
holds for every element f(z) of Z(R). Similar conclusions hold for the 
spaces X(A) and *(A’), A’(z) = zA(z). 
Let JY be the complementary space to Z’(A) in X(B), let JH’ be the 
complementary space to %(A’) in %‘(B’), and let 9 be the complementary 
space to X(A) in Z(P). The space JY is contained continuously and 
contractively in the space 93. The complementary space to JZ in 9 is 
isometrically equal to B(B). The space &?’ is contained continuously and 
contractively in the space 9% The complementary space to A’ in !4? is 
isometrically equal to B(A). Multiplication by z is an isometric trans- 
formation of 4 onto A’. 
If g(z) is an element of k’, define a sequence of elements g,(z) of Jz’ and 
the vector coefficients of a power series f(z) = C a,z” inductively by 
gdz) = g(z) and 
where 
(g,(z), &(z)),=~,~n+ <S,.l(Z)~ &l+,(z)).,. 
Then the identity g(z) = B(z) f(z) is satisfied. 
Let *0 be the Krein space formed by such power series-/(z) considered 
with the unique scalar product such that multiplication by A(z) is an 
isometric transformation of X0 onto J&‘. Let YE’; be the Krein space of 
power series f(z) with vector coefficients such that [f(z) -f(O)]/z belongs 
to &. A scalar product is defined in the space so that the identity for 
difference-quotients 
<u-(z) -f(O)llz> cfl4 -f(o)l/~>., 
= u(4J(4>~-;,-.m- f(O) 
is satisfied. Then multiplication by A(z) is a contractive partial isometry of 
2Fb onto 9’. 
Krein spaces yi”, will be defined inductively for nonnegative integers n, 
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starting with the given space X0. The elements of the space SX will always 
be formal power series with vector coefficients, and multiplication by A(z) 
will be a contractive partially isometric transformation of S7 onto &‘. Once 
the space Zn has been constructed, define SF:, to be the Krein space of 
power series f(z) with vector coefficients such that [f(z) -f(O)]/z belongs 
to yi”,. The scalar product is defined in the space so that the identity for 
difference-quotients 
(Cf(z)-f(o)l/z~ Cf(z)-fwl/&n 
= (f(ZM4>,~-fw f(O) 
is satisfied. Multiplication by A(z) is then a contractive partial isometry of 
A?; onto .B’. 
The set of elements of 2; which belong to the kernel of multiplication 
by A(z) is then a Hilbert space which is contained continuously and 
isometrically in ~4“:. Define Zn + , to be the unique Krein space, which is 
contained continuously and contractively in Sk, such that multiplication 
by ,4(z) is a contractive partial isometry of Sn + , onto J%! and such that the 
kernel of multiplication by A(z) in Xn+ 1 is isometrically equal to the kernel 
of multiplication by A(z) in Xi. 
The space s$$~ is contained continuously and contractively in the space 
2 n+ 1. The complementary space to Xn in Zj’j’,, is a Hilbert space. A 
unique Krein space SP exists, whose elements are formal power series with 
vector coefficients and which has these properties: The space Zn is con- 
tained continuously and contractively in the space P for every index n. 
The space &? is contained continuously and contractively in any Krein 
space, whose elements are formal power series with vector coefficients, in 
which each of the spaces Xn is contained continuously and contractively. 
Multiplication by A(z) is a contractive partial isometry of X onto JZ. 
Let SF” be the Krein space of power seriesf(z) with vector coefficients such 
that [f(z) -f(O)]/z belongs to 2. The scalar product is defined in 2”’ so 
that the identity for difference-quotients 
([f(z) -“m)l/z, V(z) -f(O)l/z>., 
= <f(z), f(z)>,, -f(O)- “00) 
is satisfied. Then multiplication by A(z) is a contractive partial isometry of 
X” onto 93. The set of elements of Y?’ which belong to the kernel of multi- 
plication by A(z) is isometrically equal to the set of elements of $9 which 
belong to the kernel of multiplication by ,4(z). 
The space X is contained continuously and contractively in the space 
2’. Multiplication by ,4(z) is a contractive partial isometry of the com- 
plementary space 99 to SF in Z’ onto B(B). A unique power series C(z) 
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with operator coefficients exists such that C(z) c belongs to 29 and is 
orthogonal to the kernel of multiplication by A(z) on 628 and such that the 
identity 
B(z) c = A(z) C(z) c 
holds for every vector c. 
The space 2 is the state space of a canonical linear system which is 
contractive and conjugate isometric and has transfer function C(z). The 
identity B(z) = A(z) C(z) is satisfied. Multiplication by A(z) is a contractive 
partial isometry of 2 onto the complementary space JH to &‘(A) in X(B). 
It will now be shown that 2 is isometrically equal to a space H(C). By 
the proof of the first theorem it must be shown that k(z) - C(z) g(z) 
belongs to 2 whenever (k(z), g(z)) belongs to the graph of the adjoint of 
multiplication by C(z) in 97(z) and that the identity 
(k(z) - C(z) g(z)3 k(z) - C(z) .&r(Z) >., 
= <k(z), kW,,,, - (‘Y(Z)> &D,(;, 
is satisfied. By hypothesis an element h(z) of V(z) exists such that 
(h(z), k(z)) belongs to the graph of the adjoint of multiplication by A(z) in 
U(z), such that (h(z), g(z)) belongs to the graph of the adjoint of multi- 
plication by B(z) in V(z), and such that the adjoint of the inclusion of 
X’(A) in Y?(B) takes h(z)-B(z) g(z) into h(z)-A(z) k(z). These condi- 
tions imply that 
A(z)Ck(z) - C(z) &)I 
= CW) - B(z) g(z)1 - CNz) - A(z) k(z)1 
belongs to the complementary space ~2’ to X(A) in 2(B) and that the 
identity 
(&)Ck(z) - C(z) dz)l, A(zIC4z) - C(z) g(z)1 ># 
is satisfied. 
= (k(Z)? k(z)).,,,- (g(z), &)),(,, 
An example of such a pair (k(z), g(z)) occurs when k(z) = C b,z” is a 
polynomial with vector coefficients and g(z) = C a,z” is the polynomial 
with vector coefficients defined by 
Then k(z) - A(z) g(z) belongs to 2 and the identity 
<k(z) - A(z) g(z)> k(z) - A(z) g(z)), 
= <k(z)> k(z)),,;, - (g(z), g(z)>,,,, 
is satisfied. 
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It has been shown that multiplication by A(z) acts as an isometric 
transformation of .X into ~2’ when considered on such elements 
k(z) - A(z) g(z). Since such elements are dense in 2’ and since multiplica- 
tion by A(z) is a continuous transformation of Z into A!, it is an isometric 
transformation of 2 into .A!‘. This condition implies that multiplication by 
A(z) annihilates no nonzero element of Z. 
The transformation of graph(C) into A? which takes (k(z), g(z)) into 
A(z)Ck(z) - C(z) &)I 
is continuous by the closed graph theorem. It follows that a continuous 
transformation of graph(C) into 2 is defined by taking (k(z), g(z)) into 
k(z) - C(z) g(z). Since the identity 
(k(z) - C(z) g(z), k(z) - C(z) g(z)>.% 
= (k(z), k(z) )W(=) - (g(z), g(z) >+f(z, 
is satisfied, the space 2 is isometrically equal to a space 2(C). 
This completes the proof of the theorem. 
The factorization theorem needs to be compared with a more elementary 
dual construction of canonical linear systems which are contractive and 
conjugate isometric. Once again a hypothesis is made to conclude that the 
linear system constructed is of the type associated with a space Z(C). It 
is not known whether the hypothesis can be omitted. 
THEOREM 5. Let S(B) and X(C) be the state spaces of canonical linear 
systems which are contractive and conjugate isometric and which have trans- 
fer functions B(z) and C(z). Assume that T is a continuous and contractive 
transformation of Z(C) into Z(B) which takes zf(z) - C(z) c into 
zg(z) - B(z) c whenever it takes f(z) into g(z) and c is a vector such that 
zf (z) - C(z) c belongs to X(C). Let S be the unique Krein space, which is 
contained continuously and contractively in 2(B), such that T acts as a 
contractive partial isometry of X(C) onto the complementary space to SP in 
H(B). Then X is the state space of a canonical linear system which is 
contractive and conjugate isometric and which has transfer function A(z) 
such that T coincides with multiplication by A(z) on Z(C) and such that 
B(z) = A(z) C(z). Assume that for every element (h(z), k(z)) of the graph of 
the adjoint of multiplication by A(z) in S’(z) an element g(z) of e(z) exists 
such that (k(z), g(z)) belongs to the graph of the adjoint of multiplication by 
C(z) in V(z), such that (h(z), g(z)) belongs to the graph of the adjoint of 
multiplication by B(z) in g(z), and such that T* takes h(z) -B(z) g(z) into 
k(z) - C(z) g(z). Then X is isometrically equal to a space %(A). 
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Proof of Theorem 5. The existence of the Krein space 2 is a conse- 
quence of the factorization of continuous and contractive transformations 
in Krein spaces [S]. Let 2” be the Krein space of power series f(z) with 
vector coefficients such that [f(z) -f(O)]/z belongs to 2. The scalar 
product is defined in 2” so that the identity for difference-quotients 
(Cf(z) -f(O)ll& [f(z) -.m)llz>, 
is satisfied. 
= <.f’(z),f(z)>,,,-f(O)- f(0) 
Spaces X(A’) and X”(P) exist, A’(z) = zA(z) and B’(z) = zB(z). They 
are related in a similar way to the spaces X(A) and Z(B). Since the space 
2 is contained continuously and contractively in the space X(B), the 
space 2’ is contained continuously and contractively in the space X(B’). 
Multiplication by z is an isometry of the complementary space to X in 
Z(B) onto the complementary space to X’ in X(P). 
Since the canonical linear system with state space X(C) and transfer 
function C(z) is contractive, every element of Z(C) is of the form 
f(z) + C(z) c for an element f(z) of X(C) and a vector c, and the 
inequality 
(f(z) + C(z) c, f(z) + C(z) c>.xyc, 
d (f(z)>f(z)>,(c,+c-c 
is satisfied. Uniqueness in the representation is obtained by requiring that 
equality holds. 
Since the canonical linear system with state space 2(B) and transfer 
function B(z) is contractive, a similar representation holds for elements of 
&‘(B’) and a similar inequality is satisfied. If T takes f(z) into g(z) and if 
c is a vector, then g(z) + B(z) c is an element of X(B’) which satisfies the 
inequality 
(g(z) + B(z) c, g(z) + B(z) C)Jy(B’) 
d <g(z), g(z) > T(B) + c - c. 
A continuous and contractive transformation T’ of X(C’) into X(P) is 
defined by taking f(z) + C(z) c into g(z) + B(z) c whenever T takes f(z) 
into g(z) and c is a vector such that 
(f(z) + C(z) CT f(z) + C(z) C>X(c-, 
= <f(4>f(4>.q~)+c-c. 
The hypotheses on the transformation T now imply that T’ takes 
f(z) + C(z) c into g(z) + B(z) c for every vector c when T takes f(z) into 
g(z). The transformation T’ extends the transformation T, and it takes 
580,9X I-3 
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C(z) c into B(z) c for every vector c. Since T takes zf(z) - C(z) c into 
zg(z) - B(z) c whenever T takes f(z) into g(z) and c is a vector such that 
zf(z) - C(z) c belongs to 2(C), T’ takes zf(z) into zg(z) whenever T takes 
f(z) into g(z). 
A unique power series A(z) with operator coefficients exists such that the 
action of T’ on c is A(z) c for every vector c. If f(z) belongs to X’(C), 
define elements fn(z) of X(C) inductively by fO(z) =f(z) and 
for a vector a,. If T takes f,(z) into g,(z), and if T takes f,, 1(z) into 
g, + r(z), then the identity 
g,(z) = A(z) an + z gn + I(Z) 
is satisfied. Since f(z) = C a,z”, an inductive argument shows that T takes 
f(z) into A(z)f(z). It also follows that T’ takes f(z) into A(z)Jz) for 
every element f(z) of X(C’). Since T’ takes C(z) c into B(z) c for every 
vector c, B(z) = A(z) C(z). 
Since T’ acts as a contractive partial isometry of X(C’) onto the com- 
plementary space to 2’ in &‘(B’), the space X is contained continuously 
and contractively in the space X’, and multiplication by A(z) acts as a 
contractive partial isometry of %? onto the complementary space to 2’ in 
2’. The space & is then the state space of a canonical linear system which 
is contractive and conjugate isometric and which has transfer function 
A(z). 
It remains to show that 2 is isometrically equal to a space S’(A). 
Assume that (h(z), k(z)) belongs to the graph of the adjoint of multiplica- 
tion by A(z) in g(z). By hypothesis an element g(z) of U(z) exists such that 
(h(z), g(z)) belongs to the graph of the adjoint of multiplication by B(z) in 
%7(z), such that (k(z), g(z)) belongs to the graph of the adjoint of multi- 
plication by C(z) in %7(z), and such that T* takes h(z)-B(z) g(z) into 
k(z) -A(z) g(z). These conditions imply that 
k(z) - A(z) g(z) 
= [h(z) - B(z) &)I - A(z)Ck(z) - C(z) &)I 
belongs to 35’ and is the element of X obtained from h(z) - B(z) g(z) 
under the adjoint of the inclusion of X in H(B). Since the identity 
(k(z) - A(z) g(z)> k(z) -A(z) g(z)>, 
= <h(z) - B(z) g(z), h(z) - B(z) &))Jy(B) 
- (k(z) - C(z) g(z)> k(z) - C(z) g(z)>xccj 
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is satisfied where 
(h(z) - B(z) g(z), h(z) - B(z) &D,(B, 
= (h(Z)> W),,,,- (g(z), .m)W(z) 
and 
(k(z) - C(z) g(z), k(z) - C(z) g(z) ).x(c) 
= (k(z), k(z) hi(;) - <g(z)> g(z) )w(z), 
it follows that 
<k(z) -A(z) g(z), k(z) -A(z) g(z)), 
= (k(z), k(z) L(z) - (g(z)> g(z) )w(r). 
A space X(A) exists by the proof of the first theorem, and the space is 
isometrically equal to %. 
This complete the proof of the theorem. 
The statements of these theorems can be simplified when the state spaces 
of the linear systems are Hilbert spaces because such spaces are always of 
the type X’(B). 
THEOREM 6. Zf a Hilbert space is obtained as the state space X of a 
canonical linear system which is conjugate isometric and has transfer function 
B(z), then a space X(B) exists and it is isometrically equal to 2. 
Proof of Theorem 6. Since 2 is a Hilbert space, a Hilbert space yt: 
exists for every nonnegative integer r such that the transformation which 
takes every element of 2 into its r-equivalence class is a partial isometry 
of 2 onto 2,. 
Define V,(z) to be the space of all r-equivalence classes of power series 
with vector coefficients. The space 9$(z) becomes a Krein space when 
considered with the unique scalar product such that the identity 
holds for every polynomial of degree less than r with vector coefficients. 
Write B(z) = 1 B,z”. If h(z) = C b,z” is a polynomial of degree less than 
r with vector coefficients, then a polynomial g(z) = C a,z” of degree less 
than r with vector coefficients is defined by 
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The pair (h(z), g(z)) belongs to the graph of the adjoint of multiplication 
by B(z) in V(z), and the identity 
II&) - B(z) &)I1 L 
= <h(Z)> W),,,, - (g(z), g(z)>,(,) 
is satisfied. Since the identity 
(f(Z)> W),,,, = U(Z)? 4z) - B(z) ‘dz)>x 
holds for every element f(z) of 2, the identity 
II&) - B(z) s(z)ll$; 
is satisfied. The transformation which takes h(z) into h(z) - B(z) g(z) 
determines a transformation of wr(.z) into 2& which is the adjoint of the 
inclusion of yl”, in Vr(z). 
Write the coefficient space %? as the orthogonal sum of a Hilbert space 
%Y+ and the anti-space K of a Hilbert space. Let J be the operator which 
acts as the identity on %?+ and as minus the identity on K. The graph of 
the adjoint of multiplication by B(z) in 97(z) is considered as a Hilbert 
space graph(B) with the unique scalar product such that the identity 
is satisfied. 
((h(Z)> g(z)), (h(z), &))),,a,,(,, 
= (JMZ)> W),,;, + <-k(Z)> g(z))%(,) 
A contractive transformation of graph(B) into %P is defined by taking 
(h(z), g(z)) into h(z) - B(z) g(z). The existence of the transformation and 
its contractive property are clear from the above identities when h(z) and 
g(z) are polynomials as above of degree less than r. The same conclusion 
holds when h(z) and g(z) have degree less than s for any positive integer s 
because the projection of x onto 8 is contractive when Y < s. The same 
conclusion now follows for all elements (h(z), g(z)) of graph(B) because 
such special elements are dense in the space. 
If (h(z), g(z)) belongs to graph(B), then h(z)-B(z) g(z) belongs to 2 
because it represents an element of yi: for every positive integer r and 
because the sequence of numbers 
IINZ) - B(z) sb)lli/, 
is bounded. Since the limit of the sequence is 
IIW) - B(z) ‘&)I/ $9 
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the transformation of graph(B) into 2 which takes (h(z), g(z)) into 
h(z) - B(z) g(z) is contractive. Since the identity 
II&) - B(z) &)ll~ 
= (h(z), W),,,,- (g(z), g(zb6yz) 
holds for a dense set of elements (h(z), g(z)) of graph(B), it holds for every 
element of the space. A space Z(B) exists by the proof of the first theorem, 
and it is isometrically equal to 2’. 
This completes the proof of the theorem. 
Another context in which factorization appears is in cornmutant lifting. 
A natural formulation of the problem occurs in the theory of unitary linear 
systems. If 9(A) and 9(B) are given spaces, the problem is to determine 
all continuous and contractive transformations of 9(A) into Q(B) which 
intertwine the main transformations of the associated linear systems. 
Another problem is to determine all continuous and contractive transfor- 
mations of 9(A) into 9(B) which intertwine the adjoints of the main trans- 
formations of the associated linear systems. These are distinct problems 
when the state spaces of the linear systems are not Hilbert spaces because 
the adjoint of a continuous and contractive transformation need not be 
contractive. 
Related problems are to determine all continuous and contractive trans- 
formations of a contractive space X(A) into a contractive space X(B) 
which intertwine the main transformations in these spaces or their adjoints. 
Solutions of these problems can be expected when it is possible to find 
related continuous and contractive transformations of the extension space 
L%(A) into the extension space 9(B) which intertwine the main transforma- 
tions in these spaces or their adjoints. 
An extension theorem which has been obtained in another context [6] 
remains applicable for the present Krein spaces of analytic functions. Let 
T be a continuous transformation of a contractive space X(A) into a 
contractive space X(B) which takes [f(z) -f(O)]/z into [g(z) - g(O)]/z 
whenever it takes f(z) into g(z). Assume that the inequality 
holds for every nonnegative integer r when T takes f(z) = C a,z” into 
g(z) = C b,z”. And assume that the adjoint T* of T takes every element of 
2(B) of the form B(z) b for a vector b into an element of X’(A) of the 
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form A(z) a for a vector a. Then a unique continuous and contractive 
transformation T, of 9(A) into 9(B) exists, which takes 
into 
(Ch(z) - W)llz, z4z) - B*(z) W)) 
whenever T takes (f(z), g(z)) into (h(z), k(z)), and which annihilates every 
element of 9(A) of the form 
(C4z)-A(O)l c/z, Cl -A*(z)A(O)I c) 
for a vector c in the kernel of multiplication by A(z), such that T takesf(z) 
into h(z) whenever T, takes (f(z), g(z)) into (h(z), k(z)). 
Michael Dritschel [lo] has shown that the extension theorem for 
contractive intertwining transformations in Hilbert spaces applies to 
continuous and contractive intertwining transformations in Krein spaces 
when the coefficient space ‘3 is a Hilbert space. A related extension theorem 
is now obtained in the context of the present linear systems. 
THEOREM 7. Assume that a continuous and contractive transformation S 
of a space 9(A) into a space 9(B) takes 
([f(z)-f(O)llz,zg(z)-A*(z)f(O)) 
into 
([h(z) - W)llz, z&) - B*(z) h(O)) 
whenever it takes (f(z), g(z)) into (h(z), k(z)). Define A’(z)=zA(z) and 
B’(z) = zB(z). Zf the coefficient space W is a Hilbert space, then a continuous 
and contractive transformation T of &@(A’) into (B’) exists, which takes 
([f(z)-f(O)l/z,zdz)-zA*(z)f(O)) 
into 
([h(z) - W)llz, zk(z) - zB*(z) h(O)) 
whenever it takes (f(z), g(z)) into (h(z), k(z)), such that T takes 
(f(z), zg(z)) into (h(z), zk(z)) whenever S takes (f(z), g(z)) into (h(z), k(z)). 
Proof of Theorem 7. The space S(A’) is the set of pairs (f(z), g(z)) of 
power series with vector coefficients such that 
(Cf(z)-f(O)l/z> g(z)-A*(z)f(O)) 
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belongs to 9(A). The identity 
((u-(z) -“m)ll& g(z) - A*(z)f(O)), 
(U(z)-f(O)lk &)--A*mf(w),(,, 
= <(f(z), g(z)), (f(Z)? g(4&4.,-.ff(W f(O) 
is satisfied. The space 9(P) is the set of pairs (h(z), k(z)) of power series 
with vector coefficients such that 
([h(z) - h(O)]/z, k(z) - B*(z) h(O)) 
belongs to 9(B). The identity 
<(Cm) - W)llz, k(z)- B*(z) WJ)), 
([h(z) - W)llz, k(z) - B*(z) wm3,,, 
= <(h(z), 4z)L W)> &NL?,,~, -h(O)- h(O) 
is satisfied. 
The definition of T needs to be made so that T takes any element 
(f(z), g(z)) of 9(A) into an element (h(z), k(z)) of 9(B) such that S takes 
(cs(z)-f(o)l/z, &)--A*(z)f(O)) 
into 
(II@) - W)llZ? k(z) - B*(z) W)). 
The choice of h(O) is determined when g(0) =0 by the condition that 
k(O)=0 and that S takes (f(z), g(z)/z) into (h(z), k(z)/z). The choice of 
h(O) needs to be made continuously in other cases so that the resulting 
transformation of $B(A’) into 9(B’) is continuous and contractive. 
Use is made of a factorization of continuous and contractive transforma- 
tions of a Krein space into a Krein space [S]. A Krein space &! exists, 
which is contained continuously and contractively in 9(B), such that S 
acts as a contractive partial isometry of 9(A) onto A. Let JZ’ be the 
complementary space to & in 9(B). 
Use is now made of the hypothesis that the coefficient space ‘$2 is a 
Hilbert space. The argument depends on the preservation of complementa- 
tion under contractive partial isometries [S]. 
A continuous and contractive transformation of the space 9(A) into 
itself is defined by taking (f(z), g(z)) into 
The transformation has a contractive adjoint. The range of the transforma- 
38 LOUIS DE BRANGES 
tion is a Krein space &?(A) which is contained continuously and contrac- 
tively in 9(A). The complementary space 9’(A) to W(A) in 9(A) is a 
Hilbert space. A continuous and contractive transformation of +Z onto 
9’(A) is defined by taking c into 
(CA(z)-A(O)1 c/z, Cl -A*(z)wI)I c). 
Similar considerations apply to the space 9?(B). A Krein space B(B), 
which is contained continuously and contractively in 9(B), exists such that 
a contractive partial isometry of 9(B) onto 92(B) is defined by taking 
(f(z), g(z)) into 
(U(z) -f(O)l/G zg(z) - B*(z)f@)). 
The transformation which takes c into 
(CW - WI1 c/z, Cl - B*(z) B(O)1 c) 
is a contractive partial isometry of C9 onto a Hilbert space 9’(B) which is 
the complementary space to W(B) in 9(B). 
The transformation S acts as a continuous and contractive transforma- 
tion of the space 9(A) into the space 9(B). The range 9 of the transfor- 
mation is a Krein space, which is contained continuously and contractively 
in &4?(B), such that S acts as a contractive partial isometry of %(A) onto 
9”. The transformation S acts as a contractive partial isometry of Y(A) 
onto the complementary space to .$P in JZ?‘, which is contained continuously 
and contractively in the complementary space to 9 in 9(B). A contractive 
partial isometry of ~2 onto 9 is defined by taking (f(z), g(z)) into 
(L-f(z) -f(O)llz, zg(z) - B*(z)f(O)). 
The same transformation acts as a contractive partial isometry of ~2” onto 
the complementary space 2 to 9 in .3?(B). 
The definition of T can now be made. Every element of 93(A’) is uniquely 
of the form 
(f(z) + ‘4(z) 4 zdz) + a) 
for a vector a and an element (f(z), g(z)) of 9(A). The action of T on 
(f(z), zg(z)) has been specified as (h(z), Z/C(Z)) where (h(z), k(z)) is the 
action of S on (f(z), g(z)). The action of T on (A(z), a, n) is to be an 
element 
(u(z) + B(z) 6, zu(z) + b) 
of g(B’) such that S takes the element 
(C4z)-4O)I& Cl -A*(z)A(O)I a) 
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of Y(A) into the element 
([u(z) - 40)1/z + CW) - B(O)1 b/z> 
zu(z) -B*(z) u(O) + [ 1 - B*(z) B(O)] b) 
of the complementary space to .P in 9(B). It has been seen that the choice 
of the vector b and the choice of the element (u(z), u(z)) of A’ can be made 
so that 
<(u(z), u(z)), (u(z), v(z))>.,, + b-b d a-0. 
This is done by making a minimal decomposition of the element of the 
complementary space to 9 in 9(B) into the element 
([u(z) - 40)1/G W) - B*(z) 40)) 
of 22 and the element 
([B(z) - JW)l b, Cl - B*(z) B(O)] b) 
of Y(B). 
The transformation T so constructed is easily seen to be a continuous 
and contractive transformation of 9(A’) into 9(P). 
This completes the proof of the theorem. 
If the transformation S has a contractive adjoint, then the complemen- 
tary space &’ to ~2’ in B(B) is a Hilbert space. The transformation T then 
has a contractive adjoint. 
A dual extension theorem holds for continuous and contractive transfor- 
mations which intertwine the adjoints of the main transformations of the 
linear systems. 
THEOREM 8. Assume that a continuous and contractive transformation S 
of a space g(C) into a space g(B) takes 
(zf(z)- C(z) g(O), C&- dO)l/z) 
into 
(zh(z) - B(z) k(O), [k(z) - (0)1/z) 
whenever it takes (f(z), g(z)) into (h(z), k(z)). Define C’(z) =zC(z) and 
B’(z) = zB(z). If the coefficient space %? is a Hilbert space, then a continuous 
and contractive transformation T of a(C’) into g(B’) exists, which takes 
(zf(z)-zC(z) g(O), Cdz)-- g(O)l/z) 
40 
into 
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(zh(z) - B(z) k(O), Ck(z) - W)llz) 
whenever it takes (f(z), g(z)) into (h(z), k(z)), such that T takes 
(zf(z), g(z)) into (zh(z), k(z)) wheneoer Stakes (f(z), g(z)) into (h(z), k(z)). 
Proof of Theorem 8. The proof is similar to the proof of the previous 
theorem except that the coordinates of all Cartesian products are inter- 
changed. 
This completes the proof of the theorem. 
The structure and properties of intertwining transformations which are 
contractive or which have contractive adjoints is an interesting subject for 
further research. The theory originates in an approach to the interpolation 
theory of bounded analytic functions which is due to Donald Sarason 
[13]. It received its original Hilbert space impetus from the extension 
theorem of Nagy and Foias [15]. 
Daniel Alpay [2] has treated some aspects of the extension theory which 
are omitted here. A Schur parametrization of extensions is possible when 
suitable hypotheses are made. 
Daniel Alpay [ 1 ] has also given examples of canonical linear systems 
which are conjugate isometric and which have transfer function identically 
zero, but whose state space is not the space g(z) of square summable 
power series. In the present theory of spaces X(B) the canonical linear 
system is uniquely determined by its transfer function. 
A complication for invariant subspace theory is caused by the fact that 
a canonical linear system which is conjugate isometric need not be unitary. 
Intuition expects that unitary linear systems should appear as extreme 
points of suitable convex sets of conjugate isometric linear systems. 
Investigations in support of such expectations have been made by Ball and 
Kriete [3], Nikol’skii and Vasyunin [ll], and Sarason [ 141. 
A discussion of the Krein construction of continuous transformations, 
which is used in the proof of the first theorem, appears in the first chapter 
of the author’s forthcoming monograph on square summable power series 
c71. 
Note added in proof: A gap in the proof of the first theorem has been filled by Agnes Yang 
in her doctoral thesis on “A construction of Krein spaces of analytic functions,” Purdue 
University, 1989. She makes a stronger hypothesis. It is not known whether the result is true 
as states. She also makes a fundamental construction of related unitary linear systems. An 
interesting application of construction has been given by Manfred Moller in an unpublished 
manuscript on “Isometric and contractive operators in Krein spaces,” 1990. 
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